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We discuss the linear and non-linear rheology of concentrated (sub)microscale emulsions, amor-
phous disordered solids composed of repulsive and deformable soft colloidal spheres. Based on recent
results from simulation and theory, we derive quantitative predictions for the dependences of the
elastic shear modulus and the yield stress on the droplet volume fraction. The remarkable agree-
ment with experiments we observe supports the scenario that the repulsive glass and the jammed
state can be clearly identified in the rheology of soft spheres at finite temperature while crossing
continuously from a liquid to a highly compressed yet disordered solid.
PACS numbers:
An amorphous solid is a state of matter that has both
fluid- and solid-like attributes: it has a liquid-like struc-
ture, yet mechanically responds to an applied stress as a
solid. The conceptually simplest amorphous solid is com-
posed of monodisperse spheres that are non-interacting
at a distance yet are repulsive when they make contact
[1–4]. The repulsive interaction potential at contact can
be soft or hard. Upon rapidly quenching a disordered
system above a sphere volume fraction of φ ∼ 0.6, a su-
percooled fluid of spheres enters an amorphous phase,
since crystallization is suppressed. Despite decades of
intense research on the nature of this transition, it is
still not fully understood [5]. In the zero temperature
limit, there are no entropic contributions to the free en-
ergy and solidity emerges simply from a random packing
of spheres approaching what is known as random close
packing or the jamming transition [2, 6]. The location
of this transition is well established at φJ ' 0.64 and it
plays a key role in the properties of granular spherical
packings from the micro- to the macro-scale. At finite
temperatures, however, an additional phase boundary at
densities several percentile below jamming, the ergodic-
to nonergodic glass transition φg, has been conjectured
by mode coupling theory (MCT) and as an explanation
of light scattering experiments and for hard-sphere sys-
tems [3, 7]. In this scenario a nonergodic glass is a weak
amorphous solid having a density φg < φ < φJ [3, 4, 7].
While many detailed experimental and theoretical
studies can be found as φ approaches φg from the liquid
side [3, 7–9], studies in which φ crosses both φg and φJ
are scarce [10]. The very existence of a solid glassy phase
has been questioned, and it has even been suggested that
the glass and jamming transition are the same φg ≡ φJ
[11]. Results obtained from experiments on only one type
of experimental system have not yet been able to unravel
this question, mainly because it is very difficult to deter-
mine exact volume fractions of submicron sized particles
[12], as a result of non-zero nanoscopic length scales as-
sociated with stabilization. Moreover, the very concept
of hard-sphere-like systems has been questioned recently
[13] due the difficulty in designing colloids having a suf-
ficiently sharp repulsive interface.
In this letter, we study the elastic shear modulus
and the yield stress of a colloidal model system of
(sub)microscale soft repulsive spheres. We discuss the
experimental evidence for a solid glass and a jammed
phase crossing the liquid solid transition of dense uni-
form emulsions. Moreover we demonstrate that applying
simple theoretical concepts to these technically relevant
systems provides accurate quantitative predictions about
their linear and nonlinear mechanical properties.
An emulsion is a dispersion of droplets of one immisci-
ble liquid in a different liquid [14]. The nano- to microm-
eter sized droplets of the dispersed phase can be kept
almost indefinitely in a metastable state by decorating
their interfaces with amphiphilic surfactant molecules. In
emulsions, because of the existence of a thin film of con-
tinuous phase between droplets, lubrication is present,
so solid-solid friction cannot play a role. By contrast to
compressible star polymers or microgels [9, 10, 15, 16],
which do not have volume fractions that are precisely de-
fined, in an emulsion, the droplet volume fraction is well-
defined because the liquid within the droplets is incom-
pressible, even if the droplet interfaces can deform under
extreme compression. Near and above the liquid-solid
transition, droplets in emulsions are not highly deformed
and remain nearly spherical. To prevent droplet coa-
lescence, a short-range, screened electrostatic repulsive
interaction, provided by an ionic surfactant, is typically
present. For the anionic surfactant, sodium dodecyl sul-
fate (SDS), at 10 mM concentration in water, the Debye
screening length is λD ' 3.5nm [17]. The distribution of
radii R of the droplets can be made to be quite uniform
∆R/R ∼ 10 − 12%. Herein, we interpret measurements
of the linear and non-linear rheology of silicone oil in wa-
ter near-microscale emulsions stabilized by 10mM SDS
for droplet radii R = 250, 370 and 530nm. The experi-
mental data that we consider for the elastic modulus Gp
and the yield stress σy have been published previously,
and technical details can be found elsewhere [14, 18, 19].
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2To provide perspective, we summarize briefly very re-
cent theoretical predictions for the elastic shear mod-
ulus and the yield stress in the glass and in the jam-
ming regimes. Theoretical and numerical work by Ikeda,
Berthier and Sollich [20] addresses the glassy dynam-
ics and jamming of soft spheres. The authors lay out
a theoretical scenario about how to distinguish between
the mechanical response of a glassy system and that of
a jammed system. Extensive simulations on idealized
spheres that have harmonic repulsions beyond contact
were carried out in order to map out the transition. What
sets this study apart is their explicit focus on describing
the physics of soft colloids crossing all relevant regimes.
Most previous attempts for model colloidal systems have
either concentrated on the approach to the glass transi-
tion φ ≤ φg [3, 7–9] or on the jamming physics φ > φJ
[2, 21, 23]. By considering both, Ikeda et al. find that
glassy and jammed colloids display qualitatively differ-
ent characteristics with respect to their mechanical re-
sponses. The details of the transition, however, depend
sensitively on the nature of particle elasticity (i.e. re-
pulsive interaction) when particles touch. For very soft
spheres, the transition from the glass to a jammed solid
is smeared out and phenomenologically disappears [22].
The mechanical properties of the glass are entropically
driven and scale with temperature and size as ∼ kBT/R3.
Ikeda et al. suggest the following scaling relation for
the yield stress covering the entire glass phase for hard
spheres [20]
σy
kBT
/
(2R)
3
' c1
[
1 + c2
(φ− φg)0.7
(φJ − φ)0.8
]
(1)
with constants c1, c2 of order unity. MCT calculations
for both the yield stress and the modulus are consistent
with this scaling, the parameters c1, c2 however strongly
depend on the specific approximations made [24, 25]. The
second term in Eq.(1) takes account for the expected
divergence of σy close to the jamming of hard spheres
[20, 26]. Since the divergence is avoided for soft spheres,
the transition must be somewhat smeared, as is also ap-
parent in simulation results [20].
We now turn our attention to the packing fraction
dependence of the shear modulus above the jamming
threshold φ > φJ . In the jamming scenario the mod-
ulus is given by a product of the bond strength k and
the excess number of contacts [2] which has been found
to scale as ∆Z ∝ √φ− φJ [27, 28] and thus
Gp = a1
k
piR
√
φ− φJ (2)
where a1 is a constant of order unity [2, 15, 29]. Note
that piRGp is the spring constant of a particle harmon-
ically bound in a matrix with Gp [30]. When apply-
ing a sufficiently large stress σy the sample will yield
and subsequently flow. Recent simulations suggest σy ∼
k(φ − φJ)1.2 [20, 31] which in turn provides expressions
for the yield stress and the yield strain:
σy = a2
k
piR
(φ− φJ)1.2 = (a2/a1)Gp×(φ− φJ)0.7 (3)
γy ∼ σy/Gp = a2/a1(φ− φJ)0.7 (4)
FIG. 1: Yield strain γy as a function of the effective volume
fraction. Dotted line : Constant value of 0.03. The solid line
shows the prediction from Equation 3 with a2/a1 = 0.2 and
φJ = 0.62.
We first compare the theoretical predictions with ex-
perimental data for the yield strain. The yield strain
should be scale invariant and thus the data for differ-
ent sizes should collapse on a master curve. As shown
previously, this is indeed the case for microscale droplets
provided the bare droplet volume fraction is converted
to an effective volume fraction φeff = φ(1 + h/2R)
3,
where a φ-dependent effective thickness h ∼ 10nm of
the interfacial layer, is used to account for screened elec-
trostatic interactions between droplet interfaces [14, 18].
Moreover the yield strain should be independent of the
bond strength according to Eq.(4). Indeed, as shown
in Fig. 1, well above φJ the yield strain rises and the
data is consistent with the scaling predicted by Eq.(4)
with a2/a1 ∼ 0.2. Over 0.60 6 φeff 6 0.68 the yield
strain data are approximately constant. At the very low-
est measured 0.58 ≤ φeff ≤ 0.60, well below φJ and
very close to measurements of φg, γy is reported to be
slightly larger, which would indicate a different scaling of
Gp and σy when approaching the jamming transition (i.e.
a different c1 and c2 parameter in Eq.(1), such that the
modulus would rise faster than the yield stress approach-
ing φJ). However this observation could also be due to
an increasing uncertainty in the line intersection method
on the log-log plot of stress versus strain, which defines
the yield point, as the emulsion’s low-strain response be-
gins to transition from dominantly elastic to dominantly
viscous [18]. Given the uncertainty in the experiments
and analysis, it is reasonable to say that the yield strain
3is approximately constant for φeff between φg and φJ ,
at about 0.030 ± 0.005. The same value for σy/Gp has
been reported by Ballauff, Fuchs and coworkers in a care-
ful study of microgel core-shell particles approaching the
glass transition from below [32].
We now return to the discussion of the modulus and
the yield stress of emulsion. The scaling relations Eq.(2)
and (3) have been suggested for harmonic spheres having
pair-wise interactions described by V (r) = (1− r/2R)2,
where the spring constant is k = /2R2 [2, 20, 29]. We
make the assumption that they can also be applied to
the case of emulsions but we allow the bond strength k
to depend explicitly on the center-to-center distance r.
The bond strength can be calculated by taking the sec-
ond derivative of the interaction potential V (r) between
two emulsion droplets [27]:
V (r) = 3−α
[
(2R/r)
3 − 1
]α
(5)
In the limit of small droplet compression (r/2R − 1 
1) the potential reduces to V (r) = (1 − r/2R)α,  =
2CγR23α. Here γ is the surface tension. For our case
γ = 9.8 · 10−3N/m and the characteristic constants are
C = 0.36, α = 2.32. For example for R = 250nm,  '
1.4× 106kBT . We find for k = ∂2V (r)
/
∂r2 :
2R2k

=
6α
3α
(
2R
r
)5[(
2R
r
)3
− 1
]α−1
+
9α (α− 1)
2 · 3α
(
2R
r
)8[(
2R
r
)3
− 1
]α−2 (6)
In a bulk emulsion the interdroplet distance r is set by
the droplet number density which in turn is related to the
volume fraction occupied by the oil droplets and thus φ ∝
r−3. At the jamming transition (φJ ' 0.64) the droplets
are in direct contact r = 2R thus φ(r) = φJ(2R/r)
3 and
we can write 1 − r/2R ' 1 − (φJ/φ)1/3 [21]. Combin-
ing Eqns.(6) and (2) provides a simple expression for the
shear modulus:
Gp
γ/R
' 6a1
[
φ8/3(φ− φJ)0.82 + φ5/3(φ− φJ)1.82
]
(7)
For an estimate of the prefactor a1 in Eq.(7) we compare
our model to simulation results for Gp reported by La-
casse et al. [27]. For the comparison we have slightly
rescaled the φ-values of the simulation data by a numer-
ical factor of 0.978 to have them extrapolate to the same
critical value φJ = 0.64. We find excellent agreement for
a1 = 0.25±0.01 as shown in the Fig. 2. This also sets an
estimate for the yield stress parameter a2 = 0.2a1 ' 0.05.
Remarkably, Eq. (3) and Eq. (7) now provide quantita-
tive analytic predictions for the shear modulus and yield
stress of emulsions that can be tested directly against ex-
perimental data. In Fig. 3 we compare the predictions
in the jammed state, Eq.(3) and (7), with the experi-
mental data for the shear modulus and the yield stress
FIG. 2: Comparison of Eq.(7) (solid line, a1 = 0.25) with
numerical simulations of the shear modulus Gp (symbols) [27].
Dotted line: scaling Gp ' 1.6 · φ(φ− φJ) as reported in [34].
with φJ ' 0.62 as suggested in [18]. The agreement
is remarkable given the difficulty of such a quantitative
comparison.
While other formulas exist for predicting the modu-
lus and yield stress of a disordered uniform emulsion
as a function of volume fraction [18], they are empiri-
cally based and have not, up to now, been derived an-
alytically in a microscopic model that properly incorpo-
rates the potential of interaction between droplets and
the scaling of the coordination number. Moreover, the
scaled Gp(φ) and σy(φ) are self-consistent in this model
(i.e. use the same microscopic parameters) and provide
good agreement with both linear and nonlinear measure-
ments. Earlier experiments on polydisperse emulsion
suggested Gp ∼ φ1/3 (φ− φJ) γ/R [33]. Subsequently
it has been shown that the behaviour of uniform emul-
sion is better described by the semi-empirical relation
Gp ∼ φ (φ− φJ) γ/R [34]. Our result, based on the cor-
rect scaling of the excess number of contacts ∆Z, is very
close (i.e. within about ±10 percent) to the latter up to
densities of about φ ∼ 0.85. For φ → 1 our model ex-
trapolates to Gp × (R/γ) ' 0.88 a value slightly larger
than reported in [34], yet, this value satisfyingly matches
a calculation for dry foams and emulsions [35].
Next we address the properties in the glass state and
the transition from the glass to the jamming physics,
which is governed by the particle softness. Ikeda’s mea-
sure of softness is given by Te = (kBT )/ [20]. Computer
simulations for harmonic spheres show that for values
larger than 10−4 (very soft spheres) the glassy phase nar-
rows and the transition is smeared out to an extent that
in an experiment or simulation glassy physics and jam-
ming cannot be distinguished any more. For our droplets
Te ∼ 10−7−10−6 which should allow to distinguish both
regimes. The glass physics and the onset of jamming
should not depend on the details of the interaction po-
tential. We can thus attempt to compare the simulation
results for Te = 10
−6 reported in [20] with the experimen-
4FIG. 3: Upper panel: Shear modulus of emulsions with ra-
dius R = 250, 370 and 500nm. Lower panel: Yield Stress for
the same samples. Dotted lines: Scaling predictions for mod-
ulus in the glass phase, Eq.(1) and for the yield stress with
c1 = 0.25, c2 = 2.5 and Gp = σy/0.03. Solid Lines: Theo-
retical predictions in the jammed phase, Eq.(3) and (7), with
a1 = 0.25, a2 = 0.05 and φJ = 0.62, φg = φJ − 0.06 = 0.56.
Solid triangles : simulation results for harmonic spheres with
(kBT )/ = 10
−6 (data reproduced from Fig. 2(b), ref. 20).
tal data for the yield stress σy. Note that the numerical
data in [20] is given in units of /(2R)3 while our data is
normalized by γ/R. For our emulsion droplets however
(/(2R)3)/(γ/R) ' 1 and thus the comparison can be
done directly. To match the jamming transition of the
emulsions we slightly shift the numerical data such that
φJ = 0.62 in both cases. As shown in Fig. 3 the agree-
ment is excellent all the way from the glass to the jam-
ming regime. Moreover, comparing the numerical data
with Eq. 1, we can estimate c1 ' 0.25 and c2 ' 2.5 using
again Gp ' σy/0.03 in the glass (dotted lines in Fig. 3).
Despite the excellent agreement reported here it is
worth mentioning that over the range of sizes covered
the experimental data does not scale with the droplet
size as suggested by entropic origin of the glass elasticity,
Eq.(1). We are unable to discern whether this due to lim-
itations of the theory or due the experimental difficulties
in determining such small values with sufficient accuracy
or both. To resolve this question additional experiments
covering a larger range of droplet sizes will be required
in the future.
Notwithstanding the present work suggests that the
glass and jammed phase are well distinguishable for ex-
periments on uniform emulsions. Both the modulus and
the yield stress are characterized by a sharp rise close to
the jamming transition. This indicates that the smear-
ing of the transition is limited and our emulsion droplets
indeed behave as soft spheres with a sufficient stiffness
/kBT or bond strength. In reality, emulsion droplets
stabilized by an ionic surfactant are slightly more com-
plicated. The presence of the Debye layer will soften
the droplet interactions. However, as droplets get into
contact, the Debye layer is rapidly compressed and the
stiffness increases until it approaches the value /kBT
of the elastically coupled droplet core [19]. Our results
suggest that this process takes place over a very limited
range of concentrations for the droplet sizes R ≥ 250nm
considered here. The situation might be different when
considering smaller droplets [19] or particles having a dif-
ferent interaction potential.
We thank Joe Brader for illuminating discussions. This
work was supported by the Swiss National Science Foun-
dation under grant No. 132736.
∗Corresponding author, email: frank.scheffold@unifr.ch
[1] Dynamical Heterogenity in glasses, colloids and granular
matter, Editors: L. Berthier, G. Biroli, J-P Bouchaud, L.
Cipelletti and W. van Saarloos, Oxford University Press
2011.
[2] A. J. Liu, S. R. Nagel, W. van Saarloos, M. Wyart in [1],
http://arxiv.org/abs/1006.2365.
[3] L. Cipelletti and E. R. Weeks in [1],
http://arxiv.org/abs/1009.6089.
[4] J. Brader, J. Phys.: Condens. Matter 22, 363101 (2010).
[5] Special Issue ’What don’t we know ?’, Science 309, 83
(2005).
[6] S. Torquato, T. M. Truskett, P.G. Debenedetti, Phys.
Rev. Lett. 84, 2064 (2000).
[7] P. Pusey and W. van Megen, Nature 320, 340 (1986);
W. van Megen and S. M. Underwood, Phys. Rev. E 47,
248 (1993).
[8] T.G. Mason and D.A. Weitz, Phys. Rev. Lett. 75, 2770
(1995)
[9] J. J. Crassous, M. Siebenbu¨rger, M. Ballauff, M. Drech-
sler, O. Henrich and M. Fuchs, J. Chem. Phys. 125,
204906 (2006).
[10] N. Koumakis, A. Pamvouxoglou, A. S. Poulos and G.
Petekidis, Soft Matter 8, 4271 (2012).
[11] G. Brambilla, D. El Masri, M. Pierno, L. Berthier, L.
Cipelletti, G. Petekidis and A. B. Schofield , Phys. Rev.
Lett. 102, 085703 (2009).
[12] W. C. K. Poon, E. R. Weeks and C. P. Royall, Soft Mat-
ter 8, 21-30 (2012).
[13] C. P. Royall, W. C. K. Poon and E. R. Weeks, Soft Mat-
ter 9, 17-27 (2013).
[14] T. G. Mason et al., Monodisperse Emulsions: Properties
and uses, in Encyclopedia of Emulsion Technology, P.
5Becher, Editor., Marcel Dekker: New York, Basel, Hong
Kong. p. 299. (1996)
[15] F. Scheffold, P. Diaz-Leyva, M. Reufer, N. Ben Bra-
ham, I. Lynch, J.L. Harden, Phy. Rev. Lett. 104, 128304
(2010).
[16] J. Stellbrink, J. Allgaier and D. Richter, Phys. Rev. E
56, R3772-R3775 (1997).
[17] F. L. Calderon, T. Stora, O. Mondain Monval, P. Poulin,
and J. Bibette, Phys. Rev. Lett 72, 2959 (1994).
[18] T. G. Mason, J. Bibette, and D. A. Weitz, J. Colloid
Interface Sci. 179, 439 (1996).
[19] J. N. Wilking and T. G. Mason, Phys. Rev. E. 75, 041407
(2007).
[20] A. Ikeda, L. Berthier and P. Sollich , Phys. Rev. Lett.
109, 018301 (2012).
[21] J. R. Seth, M. Cloitre and Roger T. Bonnecaze, J. Rheol.
50, 353 (2006).
[22] Z. Zhang et al., Nature 459, 230-233 (2009)
[23] M. Clusel, E. Corwin, A. O. N. Siemens and Jasna Brujic,
Nature 460, 611 (2009).
[24] M. Fuchs and M. E. Cates, Phys. Rev. Lett. 89, 248304
(2002); M. Fuchs and M. E. Cates, Faraday Discuss. 123,
267 (2003)
[25] M. Fuchs and M. Ballauff, Colloids and Surfaces A:
Physicochem. Eng. Aspects 270-271, 232238 (2005).
[26] J. F. Brady, J. Chem. Phys. 99, 567 (1993).
[27] M.-D. Lacasse, G. S. Grest, D. Levine, T. G. Mason, and
D. A. Weitz, Phy. Rev. Lett. 76, 3448 (1996).
[28] L. Mohan and R.T. Bonnecaze, Soft Matter 8, 4216
(2012).
[29] G. Romeo and M. Pica Ciamarra, Soft Matter 9, 5401-
5406 (2013).
[30] G.E. Uhlenbeck and L.S. Ornstein, Phys. Rev. 36, 823
(1930); J.D.G. Mc Adam, T.A. King, and A. Knox,Chem.
Phys. Lett. 26, 6 (1974); K.L. Wun and F.D. Carlson,
Macromolecules 8, 190 (1975).
[31] P. Olsson and S. Teitel, Phys. Rev. Lett. 99, 178001
(2007).
[32] M. Siebenbuerger, M. Fuchs, H. Winter and M. Ballauff,
J. Rheol. 53, 707 (2009).
[33] H.M. Princen and A.D. Kiss, J. Colloid and Interface
Sci., 112, 427 (1986).
[34] T. G. Mason, J. Bibette, and D. A. Weitz, Phy. Rev.
Lett. 75, 2051 (1995).
[35] D. Stamenovic and T. A. Wilson, J. Appl. Mech. 51, 229
(1984).
99
